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ABSTRACT
A MATHEMATICAL MODEL OF INTERPLANETARY RADIO SCINTILLATION 
IN THE WEAK SCATTERING REGIME
by
DONALD G. MITCHELL
Interplanetary scintillations are modeled under the 
assumption of a power-law electron density fluctuation power 
spectrum. The model provides the means for quickly interpre­
ting large quantities of data, even on a real time basis.
This is important for two reasons. First, interpretation on 
a real time basis is essential to the ultimate goal of pre­
dicting the arrival at earth of interplanetary disturbances 
days before their arrival. Second, fast (and inexpensive) 
interpretation is needed in order to process diurnal observa­
tion on up to 200 sources continuously for a year or more.
This large amount of data is needed both to track disturbances 
in the solar wind, and to observe spatial- and long-range tem­
poral electron density fluctuation profiles in the interplane­
tary medium.
The modeling is accomplished through several steps.
An analytic expression is found for the integral expression for 
the weak-scattering power spectrum from a thin slab of the me­
dium. This expression is then approximated for the sake of 
tractability, with a maximum error of ten percent. The thin 
slab result is then integrated numerically through the medium
v i i i
along the line of sight to a radio source, thus building up 
the extended medium spectrum. Further results include the 
zeroth and second moments of the spectrum, as functions of 
sun-earth-source angle (elongation angle) for a quiet inter­
planetary medium.
Fits to published and unpublished data are presented, 
which indicate a power-law index of 3.2 - 3.6, and are inter­
preted in terms of solar wind velocity and density profile, 




Radio scintillation observations of the solar wind 
have been analyzed for a decade, with several models emerging 
for the power spectrum of the electron density irregularities.
The two basic models are a Gaussian and a power-law 
wave-number dependence for the electron density power spec­
trum. This paper will concentrate on the power-law model. A 
power law was first suggested in 1970 by a number of authors: 
Cronyn (1970); Hollweg (1970); Jokipii (1970); Jokipii and 
Hollweg (1970); and Lovelace et al. (1970). These authors 
argued for a power-law dependence on the basis of an increas­
ing realization that not only could the data be fit with a 
power law, but also because the directly measurable spectra 
of the other solar wind parameters were found to exhibit power- 
law dependence. Cronyn (1972) presented evidence that in fact 
the spectrum measured by radio scintillation was consistent 
with the power law measured at much lower wave numbers by 
satellites.
The functional form of the power law has several vari­
ations: an exact isotropic power law (k °*) , suggested by 
Jokipii (1970),Jokipii and Hollweg (1970), Lovelace (1970), 
and Young (1971); a form including parameters for elongation 
of the irregularities + eky + k^) , suggested by
Cronyn (1970, 1972), Lovelace (1970) and Rufenach (1972); a
1
2parameter for an outer scale to limit the power at low wave 
numbers (k2 + k 2) r Cronyn (1970), Matheson and Little (1971), 
Callahan (1974); and a form with a parameter for an inner scale 
(k^ + k 2 ) exp (~k2/2k2) . This last form was suggested (not
always in this strict functional form) by Hollweg (1970),
Jokipii and Hollweg (1970), Matheson and Little (1971), Rickett 
(1973).
In this dissertation, we calculate analytic expressions 
for the thin-screen frequency power spectrum for the scintilla­
tions detected at a radio telescope. We use a power law with 
free parameters for radio source angular scale and axial ratio, 
slope at large wave numbers, and elongation of electron den­
sity irregularities along the direction of the solar wind velo­
city. Much of the discussion of these parameters has been 
covered by other authors, perhaps most completely and concisely 
(although semi-quantitatively) by Matheson and Little (1971). 
However, to our knowledge this is the first time many of the 
observable functions have been expressed analytically. In 
some cases, these expressions will facilitate quick comparison 
with actual data. They are extended to include the thick-screen 
model of Young (1971), which, by integrating the thin-screen 
contributions over many screens, builds up the weak-scattering, 
thick-screen scintillation spectrum. We demonstrate here that 
the main contribution to the extended medium comes from differ­
ent regions of the medium along the line of sight at different 
frequencies.
3In addition to the model spectra, the zeroth and second 
moments of the spectra are also obtained. The zeroth moment 
is known as the scintillation index, while the second moment 
is often referred to as the frequency "scale". Both of these 
moments are experimentally more easily obtainable than the 
spectrum itself, and so are included in this work. They are 
particularly useful in investigating long term and spatial 
effects.
Instrument and radio-source parameter effects must 
also be considered. Instrument effects have already been dealt 
with satisfactorily by other authors (e.g. Readhead, 1971,
Budden and Uscinski, 1972) and will not be dealt with here.
In most cases these effects are negligible.
Source parameters affect the system response drasti­
cally, however. The most obvious manifestation of source ef­
fects is the observation that not all sources produce measur­
able scintillation. The parameter responsible for this effect 
is the source angular diameter. Large angular diameter sources 
do not scintillate. The reason for this might best be illus­
trated with the analogous phenomenon of atmospheric refraction 
of starlight, producing optical scintillation, or twinkling. 
Neither the planets nor the moon nor the sun exhibit this twink­
ling, as their angular diameters are greater than those of the 
refracting irregularities, and so the diffraction pattern is 
"smeared out". One sees the sum of the patterns produced by 
each point on the disc of the source, and that sum is over 
many random uncorrelated patterns, and so does not change sta­
tistically.
4Another source effect which is less obvious is that 
associated with the axial ratio of an (idealized) elliptical 
source. This effect changes the point in the observed fre­
quency spectrum at which the angular diameter effects become 
dominant, and it is a function of the angle between the (pro­
jected) solar wind velocity vector and the major axis of the 
source. By modeling the medium and sources using these para­
meters, it is then possible to predict the response of a radio 
telescope to various conditions in the solar wind and also to 
gain information on new radio sources.
The immediate purpose of this investigation is to be 
able to quickly reduce raw data to discover the location and 
the strength of distrubances propagating through the inter­
planetary medium, and predict on a real-time basis when these 
disturbances will intercept the earth or spacecraft. In order 
to treat this subject thoroughly, a brief review of the theory 




In examining radio wave scattering in the interplane­
tary medium, approximations based on the physics of the scat­
tering must be made in order to treat the subject mathemati­
cally. First, we have in the interplanetary medium a tenuous 
plasma whose conductivity can be written a ~ iNee 2/mw where 
is the electron density (ions are ignored, due to their large 
inertial mass), and e is the charge on an electron. The elec­
tron mass is m, and w is the frequency of the propagating wave 
in the medium (static fields can't exist for long periods over 
distances greater than a Debye length). There is essentially 
no damping due to collisions, and the purely imaginary conduc­
tivity means there are no resistive losses (the current and 
electric field are out of phase). The effect of the interplan­
etary magnetic field on the dispersion relation of waves of 
the frequencies considered here is completely negligible (^one 
part in 106). The dispersion relation can then be written
where l
(2) (*)/ = H-TNee / m e
where is the plasma frequency. Writing k equal to nto/c
where n is the index of refraction, we have
(3) „* = ( I - ^ / m 1)
which is valid in the range w much greater than w . (This is 
certainly the case here, as w is greater than or equal to 
108 sec- 1 , while for the interplanetary medium, w is about 105 
sec- 1 .) The index of refraction is a function of the electron
o -
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7density so that spatial variations of Ng produce spatial vari­
ations in n.
the subsequent discussion. The problem will be idealized to 
a plane wave traveling along the z axis, which passes through 
a slab of a medium with random irregularities in index of re­
fraction, and leaves the slab with a random spatial phase per­
turbation on the original plane wave. The wave is still moving 
in the z direction, essentially.
the eikonal approximation of geometrical optics. This is a 
good approximation because (1) the variations in index of re­
fraction are small, and (2) the wavelength of the incident 
plane wave is much smaller than the typical scale size of the 
irregularities. In this case, X is in the range .1 - 10m, and 
l, the scale size is typically on the order of 102km. This 
approximation allows us to write
j (  m - c t )
(4) ip = y o e
(See Born and Wolf, 1965, page 110 for discussion) where k Q 
is the wave number of the radiation in free space and n is the 
index of refraction. The letter tj;0 is a scalar quantity repre-
—y —y
senting the amplitude of either the E or B field in the pro­
pagating wave; n is a function of z, E, , and n where £, and n 
are coordinates in the plane perpendicular to the z axis.
Thus the total spatial phase change of the wave from entry to 
exit from the slab is
The geometry shown in Figure 1 will be referred to in





where n is the average index of refraction in the slab and An 
is the random fluctuation, the phase change becomes
The term konAL is not of interest, as it is a constant phase 
shift and does not cause diffraction. The second term, however, 
varies at different points along the wave front and creates a 
random phase shift as a function of 6 and n. Let us set
So aside from the constant phase shift k 0nAL, which can be ig-
We now introduce the Kirchoff integral from Jackson, 9.5 (1962). 
This expression yields the resultant wave function (at any point 
in space) of the transmitted portion of a wave incident on a 
diffracting screen. It is based on the ideas of superposition 
of elemental wavelets due to Huygens, and is derived using a 







where R' is | X - X* (and in our case S is a surface formed by the
exit plane of the slab and a surface at infinity. The time 
variation is assumed to be elwt and n is the outward normal
to S. Primed coordinates are in the exit plane of the slab; 
unprimed are in the observer's plane, i.e. |X' | is equal to
/£ 2 + n 2 + AL2 . if we let the distance from the exit plane to
92 _
'2
the observer be L, then | X - X'| is [L2 + (x - x')2]1^ 2 where 
|x| equals (x2 + y 2)1/ 2 and (x - x')2 equals (x -£)2 + (y -n)
If we set both x and y equal to 0, then | X — X 1 | is (L2 + £2 + n2) 1 / 
But as the angular scattering is very small (eikonal approxima­
tion) , L is much greater than (£2 + n2)1//2 so
(id I x - x J  ~  L + n  ■
Using this, and noting that
11 ■ v  '  n '
one finds
U f a  - “ (r * -
(12) lokset'i'e.r '
(assuming the incident t|>0 had unit amplitude). The slab of
medium is moving in the x direction at the solar wind velocity.
Thus <t> is <j> (£ - Vt,n) to the stationary observer, and so
i) , is a function of t, also. But we are interested in
’observer
intensity, I(t), rather than amplitude.
(13) I (t) =
Staying for the time being in the spatial domain, we have
(14) J L (*) ® X (:i) ^  ^
where x is an implicit function of time. Then
(is, i j a -
where IT (x) is the intensity seen by the observer as a function J-j
of x, a two-dimensional vector in the plane j_ to z . The vari­
ables xi and x 2 , da! and d a 2 are vectors and area elements in 
the exit plane of the slab.
10
The variation of IT (x) with x can be expressed in1j
terms of the intensity auto-correlation function, or in terms 
of the Fourier transform of the auto-correlation function, 
the intensity power spectrum. The auto-correlation function 
is defined
(16) ^  (r) ^ &(*+?)-']
(17) r <(ljx)IL(^-?J^ - < I L(%)) - +1
but, as I (x) is normalized to one, and a conserved quantity, 
L
the ensemble average < IL (x)> equals unity. So
(18) = < I L^ ) I L(a,r)} - I
where m is the scintillation index, which is the R.M.S. vari­
ation in the observed intensity, normalized to unity. Rear­
ranging this expression and substituting the integral expres-
—y —y
sions for IL (x), and transforming coordinates (x - Xj) goes to
—y —>- —>■ —>■
Xj and likewise, for x 2 , x 3 and x 4) , we have
£(19) +1 = (^\)
where
(20) = (j) ( j? + X, ) } ~ P ( X + y- 2.) j <j> - <f> (yc+x3+r)^
and
(21) (p = p  (x + -X+ + r)
11
Now the ensemble averaging applies only to the random-phase 
exponential, as that is the only quantity which is a function 
of x.
As 6Ng , and therefore <f>, is Gaussian distributed and 
has a zero mean, we can use Gaussian statistics on it. 
Following Mercier (1962) we will use the following mathemati­
cal relations:
, pC> /  po
where g is any well behaved function, and
(23) < ^ e x p ( ^ Y ) )  ~ e *  p >)
where ip is any sum of real Gaussian variables. Then
(24)
e
and employing the definition
i. z _ _ / A (-x + Z ') 4 ^
(25) /> (r +-X - x  ) - \  /
where p,(x) is the phase auto-correlation function (p (0)
<t> <i>
-y-
equals unity) and <p Q is the variance of $ (x) we have
,26) S c  ; \ =
where
(27 ) -f - 2 + / °  (m. 3t + r  ) ( ^ r )  ^ (a) ^  ^
and
(28)  X ‘j ~
12
So
As it stands, this integral is intractable; however, as we 
are considering the case of weak scattering, the phase devia-
b 2 F
tion (J>0 is much less than unity, so e” 0 can be expanded to 
1 — 1> § f and
(3°) ^ i f((C , , /
*' =  ( & )  ( ' - * •f)
For mathematical simplicity, we go to the one dimensional 
case, where we can apply relation ( 22) directly. (Otherwise, 
we could re-write f in terms of auto-correlation functions 
of x. and y ^  the cartesian components of x ^  and proceed 
essentially as follows)
<3 1 > i f u r  ,, i - ' k t f - x X - x i )
= & )  ( , - e o c
using relation ( 22 ) repeatedly, the result becomes
(32)
- _ / M
pir) "
^ (r +X,-?r() ^  (r
txf-xS) ,*/k.\((. r ,
c + ^  JJJ
(33) = Y M )
+ 2 #  /% W
(34) 5  1 +  foVf(r)
13
Now Fourier transform both sides:
(35) Fr (K) = 2 (K) + ‘S'. T- (I)
applying the shift theorem as in (Bracewell, 1965, p. 104) 
one finds that
; - I K  ( x
, . . '  ~ ^  ‘ -  - • -
ft
so
,1 , U (*,i+x$) + L K(x,~Xj)
(37) f-0 — *■ - 2
Changing variables to
' KL / K L
(38) X* = + X  , "k7
gives
(39) ~ -2F<j>(K)e
; x z i
so we have
(40) Fj. (K) =  -2 (K) C 1 - e
But the intensity fluctuations are real, we take the real 
part and
KiL
(41) r z (K) - 2 Ff(K)(l-c« - z )
(42) = y  F p ( R ) ( 2 J
where F^(q) is the spatial power spectrum of the phase irre­
gularities. This spectrum is the same on the ground as it is
14
at the exit plane of the slab (Cronyn, 1970) . Note that 
(43) f  (K) = *  T. [ ♦.*/»«}
Following Cronyn (197 0)
4 4 )
AL ,.0L
^ /,. \ r  / f
(45)
where re i-s the classical electron radius, X is the wavelength 
of the incident radiation, and AL is the thickness of the re­
gion .
(46) ft „<?) - t N e (?>],?,) f  ? J>
f   ^(  AL 2.
(47) =  U , U z ,  (**) /%. C5 '■-*■)
J 0 Jq,
Let be the scale for which p (|z 1 - z2 |)is very small if 
|Zj - z2 | is greater than now assume is much less than
AL (valid in this case). Then the limits on the second inte­
gral can be extended to infinity with an error on the order 
of l /AL. Thus, with the coordinate transformation z1 - z2
going to L we have i+4L
(48) [ j L




k;) = u r r ’ffSi-jL d '" ' e" ' V '
~ikjL -ikyy
where k , k , k are components of the 3-D spatial wave vector
However, in actual single receiver observation, one observes 
a temporal power spectrum which is a one-dimensional cut 
through the two- dimensional power spectrum, produced as the 
diffraction pattern is convected through the line of sight 
by the solar wind. Thus with the solar wind moving in the x 
direction, kx goes to 2 ttv/V^. So
x' y ' z
(51) K  = k + L fe,
and
So taking the Fourier transform of both sides of (49)




E ( p)  = A
J - oo -f
16
where k| equals 4ir/AL, k f is the Fresnel wave number, the wave 
number associated with the radius of the first Fresnel zone.
This is the result for the temporal spectrum produced 
by a thin slab of medium in the limit of weak scattering, for 
a point source. This theory has been extended by Young (1971) 
to include extended media. The technique is simply to inte­
grate the thin-screen result along the line of sight. The 
thin-screen result was justified by the geometry of the den­
sity irregularity distribution in the medium. So Fj(v) is 
proportional to <6N^>, and it is assumed that fiNe is propor­
tional to which is assumed proportional to p - T , where p is 
heliocentric distance and t is approximately equal to 4.
Under these assumptions, for elongation angles less than 90°, 
the main contribution to the spectrum comes from a fairly 
localized region centered about the closest approach to the 
sun of the line of sight. The extended medium theory removes 
the restriction of that assumption. This is especially impor­
tant when considering Fresnel and source size effects, as 
well as large elongation angles. These considerations will 
be dealt with more completely in the next section.
It should be emphasized that this theory is valid only 
in the weak-scattering regime. As one approached smaller elonga­
tion angles, the power in the electron density fluctuation spec­
trum increases, until it reaches a point where there is appre­
ciable strong-scattering. This transition can be recognized 
as a broadening of the spectrum, with more power being shifted 
into the higher frequencies. It is also the point of which the 
weak-scattering theory will no longer produce plausible fits 
to the data.
17
B. For Power Law Spectrum
Of main interest is dP, the contribution to the power
spectrum of the intensity fluctuations detected at a radio 
telescope from electron density fluctuations in the interval 
dL along the line of sight: i.e., it is the differential in­
tensity fluctuation energy between v and v + dv contributed by 
a slab of thickness dL where v is the frequency of t’he den­
sity fluctuations (v equals V , / 2 tt k ) . In the thin-screen,
-u x
weak-scattering approximation for a screen of thickness dL 
at a distance L from the observer (Cronyn, 1970; Young, 1971)
(57) j p  = i t  (Z « r ^ f  j
where r is the classical radius of the elctron, A is the ob-e
serving wave-length, F(kx ,k^) is the two-dimensional spatial 
density irregularity power spectrum in the screen for wave 
number k ^ , ky perpendicular to the earth-source line so that 
kj^2 equals k^2 + ^y? ‘ ^irection is along the component
of screen velocity (V^) transverse to the line of sight and 
the k direction perpendicular to both and the line of 
sight. The Fresnel filtering function 4 sin2 (kj/k^)2 is char­
acterized by the Fresnel wave number k f which equals (4TT/AL)1/ 2 
The source visibility function, R, accounts for the finite 
size of the radio source. R is the Fourier transform of the 
source brightness distribution (Salpeter, 1967).
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We assume
(58) F  (*x,h,kts°) = h ( v k * ^
where /y is the axial ratio of the irregularities in phase 
space. This assumption is supported by spacecraft data (Unti 
et al., 1973), angular scattering measurements (Cronyn and 
Mitchell, 1974), and consistent with observed interplanetary 
scintillation (IPS) spectra (Cronyn, 197 2; and Jokipii and 
Hollweg, 1970). The power law slope (q) is assumed to be 
3 < q i 4, again supported by Unti et a l . (1973), and Cronyn,
1970. The source visibility is represented by the function
(59) R V  =
which assumes an eliptical source with a Gaussian brightness 
distribution, where /F is the axial ratio of the source (or 
rather the axial ratio of the axes of the source as projected 
in the x and y directions), and k x is 1/LO, where L is the 
distance to the scattering region and il is the angular scale 
(diameter to the 1/e point) of the source. Note that for 
sources out of the ecliptic plane, the largest (or smallest) 
axial ratio measured over a period of a year (assuming daily 
measurements) should represent the true axial ratio of the 
source, to the extent that the source can be considered to 
be an elipse. This is due to the geometry— at least once a 
year, both the major and minor axes of the source (each at 
different time) will line up with the projected solar wind 
velocity vector.
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Note that we are ignoring the inner and outer scales
of the irregularities, except where the outer scale, k Q, 
occurs in the "constant" F Q, as defined in the density irre­
gularity auto-correlation function. From the angular scat­
tering measurements (Cronyn and Mitchell, 197 4) and satellite 
data (Cronyn, 1970) the outer scale is always much greater 
than the Fresnel scale, and so does not affect the shape of 
the spectrum in the IPS range, while the inner scale is less 
than .3 km, or well below the scales ( - 40 km) which contri­
bute significant power to the fluctuations.
Defining a new function to temporarily remove the constants, 
we have
(see Appendix A). By the derivation shown in Appendix B, an 
analvtic exoression for J is









where U is a confluent hypergeometric function (Abramowitz 
and Stegun, 1964). Although J is analytic, it does not lend 
itself to quick hand calculations. In general, J must be 
treated numerically; however, in certain limiting cases of 
its arguments, it can be approximated by fairly simple expan­





A. Expansion of J Function
In this chapter, we wish to find expansions for the J 
function, defined in equation (64). These expansions are ob­
tained by expanding each of the two confluent hypergeometric 
functions (CHF) separately and keeping the first few terms in 
each expansion. In the range of small (less than unity) argu­
ments of the CHF, the defining power series expansion is used. 
This series is given in Appendix A. For large arguments, an 
asymptotic expansion is used (see Appendix B) which for the 
parameter values we are using converges more rapidly than the 
asymptotic expansion given in Abramowitz and Stegun, 1964.
See Figures 2a and 2b for error contours of this expansion.
Using these two expansions, we can develop three ex­
pansions for the J function which cover the entire complex 
plane of its argument with very little error (see Figures 3a, 
3b and 3c). The error is less than ten percent over most of 
the plane, slightly exceeding ten percent in the troughs of 
the "Fresnel ripple". This ripple will be discussed later, 
but for now it will suffice to say that the error in the 
troughs is of little significance in the final model spectra, 
and the error in these final spectra is ten percent at the 
worst. This error is quite acceptable, for several reasons. 
First, the error is large only in a limited range, and the 
function can be fit to experimental spectra in the areas where
q = 4.0 . 
q = 3.6 A10%  •  
1 5 %  -  













Contours of the asymptotic expansion of the real part of the 
confluent hypergeometric function U (^ , £ + in) in the 
logarithmically spaced £ - n complex plane.
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Figure 2a, for the imaginary part of U.
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FIGURE 3a
Error plot of J function in the log (2S) vs log (4Si) plane, for power law index (q) nj
equal to 4. S is proportional to the frequency of the intensity fluctuation squared
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Same as Figure 3a, with q equal to 3.6
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Thin slab, point source theoretical spectrum shown on an arbitrary log-log scale. 
Points of note are the Fresnel turn over to a flattening of lower frequencies, 
and the Fresnel ripple imposed on the power law at higher frequencies.
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the error is low, with accuracy. Second, other assumptions 
made in obtaining the final spectra are probably cruder than 
ten percent accuracy; nevertheless, reasonable fits can be 
made to the data. Third, the data itself, in most cases, 
fluctuates statistically by more than ten percent as can be 
seen in the comparison to the data, (see Figures 9a and 9b). 
This fluctuation can be attributed to temporal fluctuations 
of the medium over the observation time, lack of time resolu­
tion in the instrument, and deviation of the geometry of the 
turbulent region from that idealized in the model.
imations for generating model spectra of scattering from a 
thick slab of the interplanetary medium. Figure 4 is an exam­
ple of how a thin screen, point source spectrum appears.
The three expansions follow. The range of these expan­
sions is found by choosing that expansion with the smallest 
error at any given point in the complex plane of the arguments, 
as can be determined from Figure 3a, 3b and 3c.
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Expansion (I) is in the small argument range of both CHF, and 
as the errors in both CHF are of the same sign, they tend to 
be minimized in the J function which essentially takes the 
difference between the two CHF. This is true also of the ex­
pansion in region III, where both CHF are in the asymptotic 
range and again the error is minimized.
In region II, however, the CHF are not both in the 
same expansions. One is in the small argument range, while 
the other is in the asymptotic range. Their errors thus have 
different functional dependence on the arguments, and do not 
subtract. For this reason, the greatest accuracy was obtained 
by keeping only the lowest order terms in the CHF expansion 
for small arguments; adding the next order term to the expan­
sion increases the error.
B. Integration over Extended Medium
In the interplanetary medium, however, we have not a 
thin but an extended scattering medium. Thus we must inte­
grate our thin screen result over a series of slabs along the 
line of sight through the medium. Both J and some of the 
"constants" multiplying J to obtain dP/dL are functions of
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distance from the observer, L, and elongation angle, e. The 
integration must be performed numerically. Rather than inte­
grating over fixed increments in L for a given e, a series 
of L ’s were chosen by approximating crudely the contribution 
to the scattering from each point along the line of sight 
(assuming the scattering to be proportional to p - 1 *)  , and 
using those L's corresponding to slabs of approximately equal 
scattering power. This process permitted a reduction in the 
number of calculations necessary, and cut down the computer 
time.
The end result of this is a thick-screen, weak-scat- 
tering model spectrum for the case of a uniform medium. Re­
gions of increased turbulence can be easily accomodated in 
the theory by weighting a given L value in the integration 
along the line of sight. Thus stream-stream interaction re­
gions and blast waves, as well as rarifactions, can be modeled.
C. Scintillation Index and Scale
Further useful results are obtained through integrating 
the spectrum over frequency to obtain the zeroth moment (known 
as the scintillation index) and the second moment, both of 
which are observables and more easily obtainable experimen­
tally than a full spectrum. This integration is performed 
using a modified Simpson's Rule integration, which accomodates 
a logarithmically incremented abscissa. This is accomplished 
by changing the increment along the frequency axis by a multi­
plicative constant as you move along the axis. The algorithm
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(69) -  a yn_, , a x
and f is any well behaved function f(v ). Plots of scintil- n J n
lation index and second moment versus elongation angle are 
presented in Figures 5 and 6. These figures will be discussed 
further in the next chapter. Those curves labeled "band- 
passed" were produced by integrating the spectrum from .1 Hz 
to 1.5 Hz; those labeled "complete" were produced by integra­
ting the spectrum from .01 Hz to 10 Hz. The integration limits 
for the theoretical curves approximate zero to infinity well 
for the index curves, but not for the second moment curve for 
a point source. This is because without the exponential cut 
off imposed by the source visibility function, the integral 
to infinity for the second moment would blow up. In actual 
case, another effect would cut off the spectrum. An inner 
scale to the turbulence, corresponding to some high frequency, 
would cut off the spectrum exponentially and thus limit the 
second moment.
effort is a breakdown of the thick-screen results into the 
contributions from the various L values. Figures 7a and 7b
D . Scattering Power Profile
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FIGURE 5
Scintillation index vs elongation angle (e) for band-passed 
and complete spectra, at several source sizes (£2 ).
V = 400 km/sec, q = 3.6
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Second moment vs elongation angle for band-passed and complete spectra, for several sizes.

























Computed extended medium spectra (heavy line), computed using five different slabs through 
the guiet medium, for q equal to 4.0. Also shown are the separate spectra for each slab, 
indicating the relative strength of the scattering at a given frequency for a particular 
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show a series of spectra corresponding to different L values. 
This breakdown demonstrates the relative contribution at a 
given frequency from different parts of the medium. Figure 8 
shows the results of integrating each of these spectra over 
frequency, obtaining the relative contribution from various 




















Relative contribution to the total scattered intensity from 
different distances (L's) along the earth-source line, for 
different elongation angles (e). Source size is .1" 




A. Thin Slab Spectrum
In order to understand the computed spectrum and its 
moments, let us now examine the scattering qualitatively. We 
first consider the thin slab case, and then the effect of the 
integration over many thin slabs.
The most obvious departure of the computed spectrum 
from the straight power law by which we model the electron 
density irregularity spectrum is the result of Fresnel dif­
fraction effects. As the slab is at a finite distance from 
the observer, Fresnel diffraction becomes important. Struc­
ture which is larger than the first Fresnel zone has its scat­
tering power severely attenuated. This shows up in the de­
tected spectrum as a flattening for frequencies lower than 
the Fresnel frequency (the frequency associated with struc­
ture of the radius of the first Fresnel zone), (see figure 4). 
At higher frequencies the power law is observed, but with an 
exponent reduced by unity due to the strip integration over 
k y , and with a quasi-sinusoidal ripple. The ripple is caused 
by Fresnel diffraction from the second and higher Fresnel 
zones. Thus, were a thin-screen spectrum observable, one 
would need only know the solar wind speed to be able to deter­
mine the distance to the screen, or vice versa. The other 
effect distorting the spectrum is the source brightness dis­
tribution. Disregarding the source axial ratio, its angular
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scale will cause attenuation of the spectrum for frequencies 
higher than the frequency corresponding to structure in the 
medium with the angular scale of the source. This would ap­
pear as an exponential cut off of the spectrum at high fre­
quencies .
B. Extended Mediurn Spectrum and Moments
However, thin-screen spectra are rarely, if ever, seen 
in IPS, so let us go to the thick-screen (extended medium) 
case. Both the Fresnel effects and the source size effects 
are functions of distance to the scattering medium. Thus the 
frequencies at which these effects are seen vary from one slab 
to the next along the line of sight. The resulting integrated 
spectrum loses the distinct structure of the thin screen spec­
tra (see Figures 7a and 7b), making identification of the para­
meters more difficult, and introducing another broad degree 
of freedom, namely the scattering power profile along the line 
of sight. For a quiet medium, this profile is shown in Figure 
8. In the integrated spectrum, the Fresnel ripple is usually 
entirely washed out, and the turn-over to the flattening is 
drawn out (Figures 7a and 7b).
The scintillation index is the integral over the spec­
trum. This is the total scattered power, and is easily mea­
sured. The index varies with source size, and also with elon­
gation, as the scattering power of the turbulence varies with 
elongation. Likewise, the second moment is a function of 
source size and elongation. Observation of these two
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observables over a period of time for a given source should 
provide information on both the source and the medium. Spec­
tra taken from time to time would provide more information 
and help to interpret the observations of index and second 
moment.
C. Effects of Band-Passing Data
One feature of this model is the ability to include 
the effects which band-passing of the observations have on the 
observed index and scale (second moment). This effect is in 
fact important, as can be seen in Figures 5 and 6. In order 
to understand the significance of the index and scale, the 
spectrum itself must be fit and understood in terms of the 
model. Once an understanding has been reached through exami­
nation of spectra, a source can then be observed over a period 
of months or years using the much simpler data acquisition 
techniques required for obtaining index and scale.
The effect of band-passing on the index is fairly 
straight forward. The high-pass filter removes ionospheric 
scintillation, but also a fraction of IPS. As the observed 
spectrum is flat as it goes to zero frequency, there is merely 
a rectangular area under the low frequency end of the spectrum 
which is lost, and this can be easily calculated. The low- 
pass filter removes galactic background noise and, as the 
power is down considerably at this frequency, has little ef­
fect on the index. The scale is affected by both filters, 
however. The second moment is defined as follows.
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(70) V 2 -  ( J / ^ P M  dV)
So v2 is normalized by the scintillation index, and thus is 
affected because m (index) is affected. Also, the limits on 
the integrals are not zero to infinity experimentally, but 
rather v (high pass frequency) to vL (low pass frequency). 
These artificial limits change the shape of the spectrum, and 
therefore change the second moment. Theoretical analytic ex­
pressions can be obtained for both index and scale without 
first calculating the spectrum, but not for a band-passed 
spectrum, which is the actual case. Note that for a point 
source, the theoretical second moment would be infinite; this 
implies that for very small sources, the second moment reflects 
only the Fresnel cut off and the low-pass filter cut off. For 
larger sources, the exponential cut off due to the finite an­
gular diameter of the source will dominate before the low-pass 
filter, and the second moment can be used to characterize the 
source size.
D. Fits to Data
Using index and scale to investigate source structure 
and the interplanetary medium is at best crude compared with 
examination of the spectrum itself. Therefore, it is impor­
tant to be able to fit model spectra to the data quickly and 
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FIGURE 9a
Fit to spectrum published by Lovelace et al., 1970. A quiet medium is assumed, 
and several source sizes are shown. Power Law index (q) equals 3.6.
V = 390 km/sec
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Same as 9a, but with q equal to 3.2, and with different source sizes.
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In Figures 9a and 9b, fits to a spectrum published by 
Lovelace et al. (1970) are given. The parameters are all 
quite plausible, and the interpretation is that the medium 
is quiet, with its geometry well modeled by fiN proportional 
to p~1( . The velocity of the solar wind is fit to 390 km/sec.
It should be noted that the fit is not absolute in power den­
sity (it is absolute in frequencies), but rather a sliding 
fit. The absolute power is not measured experimentally, nor 
is it calculated theoretically due to lack of knowledge of 
the magnitude of either <SNe or k (). Only the shape is fit,
but this is all that is necessary for a determination of
source size, pattern velocity, distance to the scattering 
medium, and the power law slope. The Lovelace spectrum is 
fit with two different sets of parameters: either a power
law index of 3.6 and a . 015 arc-second source, or an index of
3.2 and a source of .025 arc-seconds. More observations would 
be needed to determine which fit is better. Also fit (Figures 
10a and 10b) are two spectra taken from the Cocoa-Cross an­
tenna both on the same day (September 22, 197 5). These ap­
pear to come from a region closer to earth than would be ex­
pected for a quiet medium. They were preceded by enhanced k index 
and as they are to the west of earth, the disturbance asso­
ciated with the rise in kp would have co-rotated into the
line of sight. Thus it might reasonably be expected that the 
scattering would be more localized, and be accompanied by 
high solar wind speeds. A solar wind speed of 600 km/sec 
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FIGURE 10a
Fit to spectrum of radio source 3C216 taken with COCOA-CROSS 
antenna. Proper fit lies between the two source sizes used. 
Note that the computed spectra are off set vertically for 
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Fit to spectrum of 3C144 taken with COCOA-CROSS antenna. 
Same day as the spectrum of 10a; the same velocity and 
power law slope were fit as in 10a but a slightly smaller 
source size.
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Fresnel turn over to the flattening at the observed frequency.
A power law index value of 3.6 produced good agreement in 
both cases. 3C144 (the crab nebula pulsar) was fit with a 
.2 arc-second angular size, while 3C216 fell between .2 and 
.3 arc-seconds. A small remnant of Fresnel ripple is evident 
in the computed spectra, but is missing from the data. This 
is due to the finite increments in L used in integrating 
through the medium, and might also indicate that the scatter­
ing came from a more extended region than that used in the 
model. More familiarity with the technique, plus collabora­
tion with other groups using multiple scintillation instru­
ments to independently calculate the solar wind velocity 
should remove some of the ambiguities still present.
Let us compare the source parameters arrived at in these 
spectra with those catalogued (at 81.5 MHz)in a paper by Hewish 
and Readhead, 197 4. For the source 3C144, the angular diameter 
measured is .2", that in the catalogue is .25". For 3C216, the 
angular diameter measured is .2" - .3", that in the catalogue 
is .6". This discrepancy could be due to a source with a large 
axial ratio, and would show up in observations taken at differ­
ent times of the year. For GTA 21 (Lovelace's spectrum at 430 MHz), 
the angular diameter measured is 02" , while that listed in the 
catalogue is .2". This discrepancy could be due to differences 
in source structure of the two frequencies, or due to the fact 
that .2" is the lower limit of the Readhead and Hewish catalogue, 




I would like here to outline this work in terms of my 
contributions to it. The chapter on theory is work done by 
others, notably Salpeter, 1967, Cronyn, 1970, and Young, 1971. 
My work in this chapter involves the analytic re-representa­
tion of the integral expression for the oower spectrum of the 
scattered power, and includes the dependence on source visibil­
ity. This work is outlined in Appendix B. However, the asymp­
totic series developed in Appendix B was in large part devel­
oped by Dr. Roelof, my thesis advisor. He also worked with 
me on both Appendix A and the rest of Appendix B.
The chapters on Numerical Technique and Discussion 
represent the bulk of my contribution. This includes a tech­
nique for attaining model spectra, scintillation index, and 
scale without the need for prohibitively expensive and time 
consuming computation. This will enable the interpretation 
of large quantities of data, which is needed to carry out 
many programs of investigation in radio scintillation. This 
work also allows for the modeling of band-passed data, which 
is essential to the interpretation of any data, and was a 
capability hitherto unavailable, to the author's knowledge. 
Another aspect of this work is the demonstration of the de­
pendence on the distance from the observer of the scintilla­
tion power at various frequencies. In addition, the curves 
of scattering power versus distance are the first of their
49
kind presented under the assumption of a power law electron 
density fluctuation spectrum. The analysis of the experi­
mental spectra presented is also original.
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Using the form F(k) = F Q (kQ 2 + k 2) exp (-k2/2k 2)
for the electron density irregularity power spectrum, where
a = k Q2/2ki2 <<1 since k Q (the outer scale wave number cut 
off) is much less than ^  (the inner scale cut off), we ob­
tain an expression for the 3-dimensional electron density






A 3 (0 , ^ io<^ ) =  d k  k  ( k J + k  ) <2
Letting t = (k/kQ)2
( A - 3 )  i-«r:
(o k. oi I ) = 2 7T7  k
I
Now using an integral relation from Abramowitz and Stegun (1964),
(A.4) ,oo i
  , , /  - i t  <t-  I i, -a - I
P(a) [A  1, z) ~  / d t  e  t (i + i.)
where U(a,b,z) is a confluent hypergeometric function, we have 
(A.5)
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As k Q2/2ki2 = a << 1, the constant F Q can be approximated by
expanding U for small argument using
A^ "6  ^ 7r r /M (*, y,j) __ ^  ^
I A  b' *) ' £ p ( , +*-\.) V(!°) p(a.) P  (2-y) j  >
(A. 7)
U  (“■/* + i, * )  = I * + ! , * ) / *  i + Z
n!P(<L-n) j__ rxo (n+t)^ H  C
h = o. - 2.
(A.8)
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where 41 (a) = p\a)/V(s) and (a) = 1. M(a-n, l-n,z)n
signifies the series above for M, to n terms. However, as a 
is much less than unity, we can go back to equation A-l more 
simply. For a = 0
(A.10)
/43 M . a ? ) =  k
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(A.11) r- V  l'V
( 1/ (ay)
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(V * - M l  n = 2j3/ H .. ■ )Ke o. >o 
Re V < 1
from Erd61yi, et al.— Tables of Integral Transforms (1954),
we then have 
(A.12)
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where s = k^2/kf2, s = k^2/kf2 , and t = ky/kf
( B. 4)
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which yields, using relation (A4) in Appendix A
From Abramowitz and Stegun (1964) the expansion of U(a,b,z) 
for I z I » 1  is
(B.8 )
, , 3 - ‘l [ z i ta)- ( : ( - 4 '  * o a * i ' * yU  ~  2. £ £-r0 /Ij
(- Itt j 71)
However, this expansion proved to converge too slowly to meet 
the requirements of this application. Therefore, the follow­
ing presents a derivation of an expansion which was subsequent­
ly used in the expansions for J.
Rewriting relation (A4), we have 
(B • 9 ) ^
U d j L j l )  = f ci-t i [e* + (4 + » -e*-)]
now 
(B . 10) fc> - a. — I
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Then, to the first few terms,
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where 
(B. 21)
Lo* = hZ 4 (?+a+‘l &  ~ tet^ 1
' 2 ( ft. + I + M - fc>)
for a = .5 (our case)
( B - 2 2 )  _ jL 1 7 *  . . - . 2 . 5  t ' f a - * ' ® , )
U  (j \> z) ~  2 e  - 0,-i.s)-*7s e*■) )
- 3 . 5  i  ( j .  s ’ e,)
- . 3  I 7.S ^  b - I. w  e
-  4 . s  I  (U- S &i) 
2 7 3 4 J 1 5 - (b-l  £) u->\ &
- 4 . S'
- f  . £2 ,  0 31 2  S' ( Ip - 2- S’)(^~ IS) ^ 2  £
This series converges very rapidly for |z| i 1; e1^3 U(Jg,b,z) 
is the same expansion, with i2s added to the exponent of 
each of the exponentials.
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INTERPLANETARY SCINTILLATION OBSERVATIONS
WITH THE COCOA CROSS RADIO TELESCOPE
We report the first IPS (interplanetary scintillation) 
observations made with the 34.3 MHz (Cocoa Cross radio tele­
scope, a joint project of the National Oceanic and Atmospheric 
Administration and the University of Iowa. The instrument has 
one of the largest effective collecting areas of any radio 
telescope in the world, more than 7 x 10Lf m 2 (approximately 
equal to the geometric area of the 300 m Arecibo reflector).
It has been specifically designed for synoptic IPS observa­
tions of large numbers of radio sources at source-sun elonga­
tion angles of 20° to 180° covering southern ecliptic lati­
tudes of 0° to 45° (depending on ecliptic longitude) and the 
entire northern ecliptic hemisphere. Observing this grid of 
sources daily we intend to locate, map and track co-rotating 
and transient solar wind features such as streams, blast waves 
and plasmoids as identified by associated IPS activity1 5. 
These observations are being correlated with measurements of 
interplanetary magnetic fields, solar wind velocity, electron 
number density and energetic particles as well as H maps and 
geomagnetic activity.
Technical parameters of the Cocoa Cross radio tele­
scope are given in Table 1. A simplified block diagram of 
the receiver electronics is presented in Figure C 1. To obtain 
the main beam response the North and South arm signals are 
amplified, filtered and summed at 34.3 MHz, down-converted to
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20 MHz, amplified under strong automatic gain control and cor­
related against the East-West arm signals using a double­
balanced mixer. Other correlation products are also measured 
to provide beam pointing and array performance information.
The resultant normalized main beam correlation product is 
then smoothed to give the total power of the source, I, and 
is also bandpass filtered in the range 0.1 to 1.5 Hz giving 
the fluctuation power, F, and squared (self-multiplied) and 
smoothed to give the scintillation power, S; the 0.1-1.5 Hz 
signal is also differentiated, squared and smoothed to give 
the "differentiated power", D. The scintillation index is 
then estimated as m = /S/I, and the frequency scale of
the scintillations (square-root second moment of the power 
spectrum ) is f = kf /D/S , where km and kf are gain constants. 
These and other receiver outputs are presently displayed on a 
multichannel paper chart recorder (see Figure 2). All neces­
sary telescope and receiver functions such as beam steering, 
calibration and gain changes are card reader controlled allow­
ing unattended operation. (Further details are given in a 
NOAA/SEC technical report in publication.)
The three characteristics of the telescope which make 
it particularly well suited for the measurement of IPS index 
and frequency scale for large numbers of sources are:
(1) large collecting area, (2) relatively high angular resolu­
tion, and (3) large spatial extent. Feature (1) is necessary 
for measurements of IPS parameters of weak sources ( £ 10 f.u.);
(2) is necessary to avoid serious confusion problems and to 
make possible the determination of normalized IPS index for
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every source without consideration of array response variation, 
ionospheric effects or source intensity variability. With re­
gard to feature (3), ionospheric scintillation frequencies 
<0.1 Hz are eliminated by the bandpass filter while frequency 
components above 0.1 Hz are severely attenuated by aperture 
filtering7. The spatial extent, L, of ionospheric frequency 
components greater than frequency vc can be estimated from the 
relationship
(c. i) L 4 u''2 "''c
where U is the diffraction pattern speed. For vc = 0.1 Hz and 
using U < 0.15 km/sec (appropriate for ionospheric wind speeds), 
L £ .25 km which is less than the 1 km spatial extent of the
array, resulting in averaging over several independent scintil­
lation patches. By contrast, for solar wind velocities of
400 km/sec and vc = 1.5 Hz, the spatial extent of components 
f o r v  < vc is L i 40 km >> 1 km. Beyond 1.5 Hz there is no 
significant IPS energy for most sources at 34 MHz. Typical 
data records are shown in Figure C 2 Source solar ecliptic co­
ordinates range in longitude between 22°W and 12°E, in latitude 
from 19°N to 59°N, and in elongation angle from 32° to 60°.
The increase in raw fluctuation signal F can be seen clearly 
for 3C280 and 3C295. Measurable scintillation indicies are
0.1(3C293) to 0.2 (3C286); frequency scales are 0.4 Hz (3C280) 
to 0.6 Hz (3C295). In Figure C 3 we show observations of a 
source taken on four successive days at solar ecliptic longi­
tude 128°E, latitude 16°, elongation angle of 126°. Scintil­
lation index is 0.11 for days 328 and 329; 0.07 for 330 and 331.
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It is illustrative of both daily index variability and IPS at 
large elongation angles.
The effectiveness of the ionospheric scintillation 
suppression has been confirmed by numerous observations of 
large angular diameter sources such as 3C405. These sources 
display strong ionospheric scintillations but not within the 
frequency range of 0.1 to 1.5 Hz on the Cocoa-Cross telescope 
(except during extraordinary ionospheric activity).
Interpretation of the observations to date have re­
vealed recurrent scintillation activity displaying a 27 day 
periodicity over a seven month period as well as a scintilla­
tion event on 26 June which was probably associated with a 
blast wave, a geomagnetic storm sudden commencement, and a 
solar particle event (papers presented at Fall 1974 URSI and 
AGU meetings and in preparation for J. Geophys. Res.).
From out initial IPS observations at 34.3 MHz we make 
the following general conclusions: (1) even though IPS-
quenching interstellar scattering effects are more pronounced 
at our observing frequency8-10, we have observed more than 65 
scintillating sources (some at less than 15° galactic lati­
tude) out of approximately 100 sources, implying a larger num­
ber of decametric wavelength sources with second-of-arc struc­
ture; (2) IPS activity is highly variable even at large solar 
elongation angles; (3) IPS activity is sometimes observed at 
high ecliptic latitudes which has no apparent correlation with 
low latitude activity; (4) IPS can be observed on some sources 
to within less than 20° of the sun; (5) ionospheric scintilla­
tion effects can be suppressed by a combination of bandpass and
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aperture filtering.
In addition to the IPS studies, observational programs 
dealing with planetary sources, pulsars, flare stars and x- 
ray sources are underway.
We acknowledge the encouragement of Dr. Norman F. Ness, 
Dr. Donald J. Williams, and Prof. James A. Van Allen and the 
support of NASA, NOAA, and the Atmospheric Science Section of 
N S F .
67
TABLE 1








135.5 a EW x 95.25A NS
66m EW x 832m NS




Length NS Arm 7.2A
EW Arm 3 , 8A
EW Beamwidth NS Arm 8°
EW Arm 15°
D. Element Organization; NS Arm 
EW Arm
128 elements spaced 0.75^ NS
2 56 elements in 32 banks 
spaced 4A EW with 8 elements 
per bank spaced 0.75A NS




Branch feed, diode-switch-controlled 
tapped phasing lines with real-time 
delay control for wideband coherence.
NS ±60° from zenith, 33°+ 60°
in declination.
EW meridian transit ± 10 minutes
NS Arm 8° EW x 0.6° secant (z) NS
EW Arm 0.4° EW x 11° NS
Composite 0.4° EW x 0.6° secant (z) NS




J. Center Frequency; 
K. Bandwidth
3,7 x 104 m 2
7.2 x lO4 m 2 
26°K/10~26W/m2-Hz (uniform illumination)




Figure Cl Simplified block diagram of RF, IF and post detection 
circuitry. Symbols: amplifier; ^ £ ^ i s o - T ;
double balanced mixer; analog multiplier;
m
30 second RC time constant; d_
oft
RC differentiator.
L.O. frequency is 54.3 MHz, IF is 20 MHz. Not shown 
are additional amplifiers and filters, and circuitry 
for measuring additional correlation products.
Figure C2 Observations taken on 5 October 1974. Data channels 
are identified as in Figure 1. Relative sensitivity 
of channels is constant in time except on channel S 
which is reduced by 4 during transit of 3C280. Polar­
ity of correlation response I can be either positive 
or negative. Channel F is the raw fluctuation power; 
channels D, S and I^ have a 30 second time constant 
and are therefore delayed by 30 seconds with respect 
to channel 1^ which has a 1 second time constant. 
Rectangular spikes on 1^ are calibration signals 
after rephasing for the next source.
Figure C3 Observations of Quasar 3C186 taken between 24 and 27
November 1974. Channels are identified as in Figure 2. 
Rectangular pulse after transit on channel I is re- 
phasing and calibration. Scintillation activity 
changes significantly between days 329 and 330.
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Observations on COCOA CROSS Telescope between November 24 and November 27, 197 4.
H*
